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1. Introduction 

The complex elliptic genus was first introduced by Witten [21] and then studied 
by several authors such as Hirzebruch [13] , Bott and Taubes [5] mainly in connec- 
tion with its rigidity property. It was further generalized in two ways; one way to 
complex orbifolds and the other to singular projective varieties. 

Generalization to singular varieties was given by Borisov-Libgober [3] , [4] . They 
called it singular elliptic genus; it is defined for Kawamata-log-terminal pairs (X, D) 
of a variety X and a Q-divisor D. We shall denote it by Ell sing {X , D) . It has an 
invariant property with respect to blow-ups. Namely, if / : X — > X is a blow-up 
along a non-singular locus in X which is normal crossing to Supp(D) and D is a 
divisor on X such that 

K jt +D = f*(K x +D), 

then 

(1) Ell sing (X,D) = Ell sing (X,D). 

The formula |T]) is related to the work of Totaro |18j . He showed that the 
Chcrn numbers that can be extended to singular varieties, compatibly with IH- 
small resolutions, are at most linear combinations of the coefficients of the elliptic 
genus. The formula (p} implies that the elliptic genus can in fact be defined for 
projective varieties with Kawamata-log-terminal singularities, complementing the 
result of Totaro. In particular, if X is such a variety and / : X — > X is a crepant 
resolution, then 

(2) Ell(X) = Ell sing (X), 

where Ell s i ng (X) — Ell S i ng (X,0) and Ell(X) denotes the ordinary elliptic genus 
of X. 

Orbifold elliptic genus was introduced by Borizov-Libgober U for global quo- 
tient complex orbifolds, and then was generalized to general complex (or more 
generally to stably complex) orbifolds by Don-Liu-Ma [7J. Borizov and Libgober 
in [4] also defined orbifold elliptic genus Ell or i,(X, D, G) where G is a finite group 
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and (X, D) is a Kawamata-log-terminal G-normal pair with smooth X and showed 
a similar formula to ([I]) . They also proved a formula 

(3) Ell orb (X, D, G) = Ell sing {X/G, D x/G ) 

for a suitably defined divisor D x /g- For example, when D — 0, D x /g 1S given by 
the following formula. Let tt : X — > X/G be the quotient map and E — *^2(a,i — l)Ei 
the ramification divisor of 7r where the sum runs over prime divisors Ei. Then D x /g 
is given by 

(4) D x/G =J2—<E t ). 

A similar formula was already given by Batyrev pQ for i?-function. The E- 
function is a generalization of Hirzebruch's Xy~g enus to singular varieties. The 
elliptic genus is also a generalization of x^-genus. Suppose that the fixed point set 
X 9 of the action of each element g E G has codimension at least two. Then the 
ramification divisor is trivial, and the formula ([3]) for D — reduces to 

(5) Ell orb (X,G)=Ell sing (X/G). 

If moreover X/G has a crepant resolution X — > X/G, then we get 

Ell orb {X,G) = Ell(X), 

by @ ■ This sort of results goes back to [6] where stringy Euler number is consid- 
ered instead of singular elliptic genus, and is related to an observation of Mckay 
concerning the relation between minimal resolutions of quotient singularities C 2 /G 
and the representations of G. 

Borizov and Libgober define in [4] not only the genus but a class $ ££ or b(X, D, G) 
for G normal pair (X, D) in the Chow ring A*(X) in such a way that the elliptic 
genus Ell rb(X, D, G) becomes the degree of the top component of $ll or b{X, D, G). 
They then prove the functorial property 

(6) USUorb{X, D, G) = £££ rb(X, D, G), 

where (X, D) and (X, D) are G-normal pairs related together as in |T]). The formula 
([6]) is sometimes called change of variables formula. The main result of [4] is the 
following formula 

(7) n*£U orb (X,D,G) = SU smg {X/G,D x/G ), 

where §ll s i ng (X/G, Dx/g) is a class in A*(X/G) defined in a similar way such that 
the degree of its top component coincides with EU S i ng (X/G,D x /G)- © immedi- 
ately follows from (J7|. There is an equivariant version due to Waelder |19j which 
is a good reference for this subject. See also [20] . 

The (complex) orbifold elliptic genus is defined for compact, stably almost 
complex orbifolds in general. We shall write it (p(X). It essentially depends on 
orbifold structures. There are many examples of orbifolds with the same underlying 
space but with different orbifold structures and different orbifold elliptic genus. This 
phenomenon is related to the above formulae , © and ([7]) . The singular elliptic 
genus is defined by using resolution of singularities. One might hope to get a direct, 
topological definition of the singular elliptic genus which can be extended to a larger 
class of singular spaces. In the case of orbifolds one already has orbifold elliptic 
genus. One wants to get a suitable notion of (Q-divisors and Chow ring which can 
be applied to formulate change of variables formula. 
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There is a class of orbifolds, called torus orbifolds, in which one can build a 
satisfactory theory. A torus orbifold X of dimension 2n is, roughly speaking, a 
2n-dimensional compact stably almost complex orbifold with an action of an n- 
dimensional torus T. Torus orbifolds can be considered as topological counterparts 
of Q-factorial toric varieties. For a Q-factorial toric variety X of dimension n there 
is associated a simplicial fan A in an n-dimensional lattice L. Algebro-geometric 
properties of a toric variety are translated to those of the fan associated to the 
variety. To each edge (one dimensional cone) of A there corresponds an irreducible 
T-divisor Di and there is an exact sequence 

(8) — ► L* — ► (J) Z • A — ► A n -i(X) — ► 0, 

i 

where A n -i(X) is the (n — l)-th Chow group of X, see e.g. [§]. We note here 
that the dual lattice L* can be identified with the second cohomology H 2 (BT) of 
a classifying space of T, and the middle term of |8]) is identified with the second 
equivariant cohomology H^(X;Q) after tensored by Q. It is also identified with 
the degree two part of the Stanley-Reisner ring of A considered as a simplicial set. 

To a torus orbifold there is associated a simplicial multi-fan, an analogue of fan, 
and an integral edge vector is assigned to each 1-dimensional cone of the multi-fan, 
see |16) . [11) . These vectors are not primitive in general and they reflect the 
orbifold structure of the torus orbifold whereas one always takes primitive vectors 
when dealing with toric varieties. Moreover divisors over a torus orbifold can be 
defined as homogeneous elements of degree two in the Stanley-Reisner ring of the 
simplicial set associated to the multi-fan. 

The (equivariant, stabilized) orbifold elliptic genus ip s t(A,y , £) is defined for 
triples of a simplicial multi-fan A, a set of edge vectors "¥ and a Q-divisor £. We can 
go further to define orbifold elliptic class <? S i(A, "3^, £) of such triples in the Stanley- 
Reisner ring with Q-coefficients. When A is the multi-fan associated to a torus 
orbifold X the orbifold elliptic genus and orbifold elliptic class are the invariants 
of X and the divisor £. The push-forward from the Stanley-Reisner ring to the 
complex numbers C sends the orbifold elliptic class to the orbifold elliptic genus. 

Birational morphisms between multi-fans can be defined in such a way that they 
correspond to geometric birational morphisms between toric varieties. Moreover if 
/ : A' — > A is a birational morphism, and "V and "f' are sets of generating edge 
vectors for A and A' respectively, then the pull-back /* and the push-forward /* 
between the corresponding Stanley-Reisner rings are defined depending on not only 
/ but r and y. 

The main theorem of the present paper can be stated in the following form. 

Theorem . Let (A, "f , £) be a triple of simplicial multi-fan, a set of edge vectors 
and a Q-divisor. Let f : A' — > A be a birational morphism and "V' a set of edge 
vectors for the multi-fan A' . Then 

fJ st (A',rj*(0) = i st (A,r,o. 

Corollary . Under the above situation 

(9) <MA / ,r / ,r(0) = 6 rt (A ) r,o. 

The canonical class Kx of a Q-factorial toric variety X corresponds to = 
— J^i x i where A is the fan associated to X and Xi is the generator of the Stanley- 
Reisner ring corresponding to Di. For a divisor D = J2i a iDi we put £ = — JsTa — 
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^ 4 diXi. Then the singular elliptic genus Ell S i ng {X, D) is equal to (p s t(A, 'f , £) up 
to a multiplicative constant depending only on the dimension of X where all the 
vectors in "V are taken primitive; cf. Remark 13. II 

As an example we take a complete non-singular toric variety (more generally a 
torus manifold) X. Let G be a finite subgroup of the (compact) torus T acting on 
X . Let <Zj be the order of the isotropy subgroup of G at a generic point in Z),-. Then 
the ramification divisor of the quotient map X — > X/G is J2i( a i ~ Let A be 

the fan associated to the toric variety X/G, and set A' = A, / = id : A' — ► A, 
"f = {vi} with all the Uj primitive and "V 1 — {aiVi}. We then require £ to satisfy 
/*(£) = —Ka = Xi. We have £ = J2 i ^-Xi ; see Remark [B~T1 In this case ([9]) is 
equivalent to ((3]) with D — and Dx/g given by (j4|). Note that corresponds to 
the orbifold structure of X/G which has X itself as an orbifold chart but V does 
not in general. 

For the proof of Theorem we first prove Corollary. For that purpose we use an 
expression of equivariant orbifold elliptic genus as a character of the accompanying 
torus. That character formula was originally due to Borisov-Libgober in the case 
of Gorenstein toric varieties [2] and then was generalized to the case of multi- 
fans by [12) . The formula behaves well with respect to birational morphisms and 
reduces the invariance property of orbifold elliptic genus to its local version. The 
local invariance property is derived from the rigidity-vanishing property of orbifold 
elliptic genus which was exploited in [9] and [lOj . Theorem itself follows from the 
functorial property of push-forward and the local version of the genus by using 
Mayer- Vietoris argument. 

The paper is organized as follows. In Section 2 materials concerning multi-fans 
which are needed later are given. Orbifold elliptic class and orbifold elliptic genus of 
simplicial multi-fans are introduced in Section 3. The main theorem of this section 
is Theorem l3.3l It states that the (equivariant) orbifold elliptic genus is a character 
of the torus. In the case of multi-fans associated with torus orbifolds the orbifold 
elliptic genus is the index of a Dirac operator with bundle coefficients, from which 
Theorem follows. For general simplicial multi-fans a combinatorial proof is needed. 
In Section 4 vanishing theorems are given generalizing those of |10j . Section 5 
is devoted to a character formula of the Borisov-Libgober type generalizing that 
of |12j . The invariance property of orbifold elliptic genus (Corollary above) is 
stated in Section 6 as Theorem 16.31 Its proof is given in Section 7 after the local 
version (Theorem 17. 1|) is established. The functorial property of orbifold elliptic 
class (Theorem above) is stated as Theorem 18.71 and is proved in Section 8. The 
final section is devoted to a generalization of orbifold elliptic genus to not necessarily 
simplicial multi-fans. It will be shown that the orbifold elliptic genus can be defined 
for triples (A,^,£) with £ Q-Cartier and, in particular, for Q- Gorenstein pairs 

(A,n 

2. Preliminaries 

We shall recall basic definitions and facts concerning simplicial multi-fans which 
will be used in the sequel. For details we refer to [11] , [12] . 

Let L be a lattice of rank n (the notation N is customary in literatures instead of 
L). A simplicial multi-fan in L is a triple A = (E, C, w ± ). Here E is an augmented 
finite simplicial set, that is, E is a finite simplicial set with empty set * = added 
as the unique (— l)-dimensional simplex. E^ denotes the k — 1 skeleton of E so 
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that * e £ (0) . We assume that £ = ULo sW > and ^ - Wc further assume 
that any J G £ is contained in some / e 

C is a map from £( fc ) into the set of fc-dimensional strongly convex rational 
polyhedral cones in the vector space Lr = L <g> M for each A; such that C(*) = {0}, 
and if J is a face of /, then C(J) is a face of C(I). We require the following 
condition is satisfied. For any / eS the map C restricted on { J <E £ | J C /} is an 
isomorphism of ordered sets onto the set of faces of C (I) . 

w^ 1 are maps £(") — > Z>o which, when £ is complete, satisfy certain compati- 
bility conditions, as we shall explain below. We set w{I) = w + {I) — w~{I). 

For each K g S we set 

Z K = {J K (Z J}. 

It inherits the partial ordering from S and becomes an augmented simplicial set 
where K is the unique minimum element in S^. Let (Lk)r be the linear subspace 
of Lr generated by C(K). Put Lk = L n (Lk)r and define L K to be the quotient 
lattice of L by Lk- For J <G we define Ck{J) to be the cone C(J) projected on 
L K ® K. We define two functions 

to be the restrictions of w ± to y!-^^ K ^ . The triple Ak ■= (^k,C'k,wk ± ) is a 
multi-fan in L K and is called the projected multi-fan with respect to K S S. For 
if = 0, the projected multi-fan Ai<- is nothing but A. 

A vector u e Ii will be called generic if w does not lie on any linear subspace 
spanned by a cone in C(S) of dimension less than n. For a generic vector v we set 
d v = w (-0> wnere the sum is understood to be zero if there is no such /. 

Definition. A simplicial multi-fan A = (X, C, w ± ) is called pre- complete if 
the integer d v is independent of generic vectors v. In this case this integer will be 
called the degree of A and will be denoted by deg(A). A pre-complcte multi-fan A 
is said to be complete if the projected multi-fan A^ is pre-complete for any J(eS. 

A multi-fan is complete if and only if the projected multi-fan Aj is pre-complete 
for any J G E^" -1 ). Let v be a vector such that its projection v is generic for the 
multi-fan A^. For a complete multi-fan we have 

deg(A K )= Yl W ( J ) whcre S v (K) = {Ie^- k) \veC K (I)}. 
ies v (K) 

In the sequel we shall often consider a set 'f consisting of non-zero edge vectors 
Vi for each i e X^ 1 ) such that Vi e L n C(i). Wc do not require vi to be primitive. 
For any J e S let Lj t y be the sublattice of Lj generated by {vi} ie j and L*j - v the 

dual lattice. Let {u/}j 6 j be the basis of L*j y dual to {vi}i e j. For / e E^™) we put 
/(w) = {i g / | (ul,v) < 0}. Then it can be easily seen that S V (K) is written as 

(10) S V (K) = {/ e E(") I J(v) cKci}. 

Let A = (E, C, w ) be a simplicial multi-fan in a lattice L and = {sliest 1 ) 
a set of prescribed edge vectors as before. We denote the torus Lr/L by T. Wc 
define the equivariant cohomology H^(A) of a multi-fan A as the Stanley-Reisner 
ring of the simplicial complex E. Namely let {xi} be indeterminates indexed by 
E^ 1 ), and let R be the polynomial ring over the integers generated by {xi}. We 
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denote by J 1 the ideal in R generated by monomials Yiiej x i sucn that J ^ E. 
ify(A) is by definition the quotient R/j^. 

The dual lattice L* is canonically identified with H 2 {BT) where BT is a 
classifying space of T so that L* ® Q is identified with H 2 (BT) ® Q. We put 
L-f — Pl/gsf") Li t f. It is a sublattice of L of the same rank n and L^/ contains 
L*. L*y <g> Q is identified with £* (g) Q = H 2 (BT) ® Q. Let be the symmetric 

algebra of L*. It is identified with the polynomial algebra S*(L) over L. It is also 
identified with H*(BT). Similarly S{L*) ® Q and S'(L^) ® Q are identified with 
H*(BT)®Q. 

We regard as a submodule of H^(A) by the formula 

u = } (u, v i )x l . 

This determines an S^fX^-)- module structure of H'^(A) and an H* (i?T)<g)Q-module 
structure of H^(A) <g) Q. It should be noticed that these module structures depend 
on the choice of vectors "V as above. In order to emphasize this dependence we 
shall write H£(A, f) instead of flJ(A). 

For if g £( fe ) let {uf }i£K be the basis of L* K y dual to the basis {fijigit of 
Lk.t as before. The restriction homomorphism l* k : if£(A, T^) — > S*(Lk,t) is 
determined by 

uf for i e if 
for i g if. 

For J C if let tj* : S*(Lk:v) — > S*(Lj t -y) be the induced homomorphism of the 
inclusion ij : J ^ K. If J C if then i* 
For i g we have 



' A" 



(a>i) 



"J — 4 J ° ''A'- 



ij(it) = it for it € L*j y. 

In particular tJ|L*^ is the identity map for any I g and t| is an S*(Ly)- 

module map. Note that JeE< „) ^ embeds if£ (A, ^) <g> Q into (H*(BT) <g> Q) e( "' . 
Its image is given by the subset consisting of the elements (u(i))j gE (n) satisfying 

(11) ^niX-TO) = 4?n/X^)) for any i l5 i 2 g I]W with ir n i 2 ^ 0. 

Let iS be the multiplicative subset of S*(L-y) consisting of non-zero elements 
in S*(Ly) and let S^ 1 denote the localization by S. For if g £( fe ' put 

Hk,v — Lk/Lk,~v- 

Hk;V will be simply written Hk when it is clear that ~f is understood in the 
context. We define the push-forward tt* : H£(A, f)®Q^ S~ 1 H*(BT) <g> Q by 



7r*(a;) = 



It is an if* (-BT) <g) Q-module homomorphism. When A is complete it is known that 
the image of 7T* is contained in H*(BT) (g> Q), cf. [llj. 

Remark 2.1. For details concerning torus orbifolds and their associated multi- 
fans we refer to [9] and [10] . To a torus orbifold X a complete simplicial multi-fan 
A and a set of edge vectors "V are associated, and there is a canonical map 

k : H^(X) <g> Q -» ii£(A, r ) ® Q 
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which is an H*(BT) (g> Q-homomorphism. It becomes an isomorphism in favorable 
cases. To each i g X^ 1 ) there corresponds a T-invariant suborbifold of codimension 
two whose equivariant Poincare dual is mapped to X{ € iff (A, A) ® Q by k. The 
first Chern class Ci(-X~) G H^(X) ® Q is mapped to JAgst 1 ) ^i) G3> Remark 3.2 
and |10j . Remark 2.5. 

Remark 2.2. Suppose that X is a Q- factorial toric variety and A is its asso- 
ciated fan. In this case one usually takes all the vectors in "f = {vi} primitive. 
Then Hj,(A, "A) is identified with the module of all T-Weil divisors. Moreover 
L* = H 2 (BT) is contained in the submodule DivrX of the T-Cartier divisors, and 
the quotients DivtX/L* and H^(A,i / )/L* are identified with the Picard group 
Pic(X) and the divisor class group A„_i(X) respectively. The element — Siesf 1 ) x * 
corresponds to a canonical divisor Kx- See [8] Sections 3.4, 4.3 and 4.4. 

In this paper elements of flf.(A, "¥) and £/f.(A, "V s ) ® Q will be called divisors 
and Q- divisors respectively. In the same spirit we adopt the following 

Definition. A divisor f is called T-Cartier if 4(£) is contained in L* = 
H 2 (BT) for all I G £<"). 

We need another description of the group Hx — BIk,~v- For simplicity identify 
the set X^ 1 - 1 with {1,2,..., to} and consider a homomorphism rj : R m = R s< ' — > Lr 
sending a = (ai, 02, . . . , a m ) to X^exK 1 ) a i u i- For if € X^ we define 

Gk,V — { a I v( a ) € ^ an d Oj = for j ^ A"} 
and define Gk.v to be the image of Gk, v in T = R m /Z m . It will be written Gr- 
for simplicity. The homomorphism rj restricted on Gk,~v induces an isomorphism 

m : G K = H K = H K ,r CT = L R /L. 

Put 

G A = U G/ c f and A>G A = |J G ; xG,cG A x G A . 

Let v(g) = a = (01,02, ... , a m ) € R m be a representative of g € T. The factor 
Oj will be denoted by Uj(s'). It is determined modulo integers. If g <E G/, then ^(g) 
is necessarily a rational number. 

Let g £ Gi and h = i]i(g) 6 Then rj(v(g)) € is a representative of /i in 
A/ which will be denoted by v(h). Then 

Vi(g) = (ttf, u(/i)) for j e A 

Define a homomorphism Xi '■ T — ► C* by 

Xi(ff) = e 27rV=T,,i W = e 27rv/3T < u - ''W) for .9 e Gj and i e A 

This will also be written Xi( u i 1 h). It gives a character of Hj for each i E I. 

3. Orbifold elliptic class and orbifold elliptic genus 

Let A be a simplicial multi-fan in a lattice L and "A = a set of 

prescribed vectors as in Section 2. Let also £ = X^es* 1 * ^ iX * e Hj,(A, A) <E> Q be a 
Q-divisor. 

We shall define the orbifold elliptic class # st (A,"A,£) in (H^(A.Y) <g> C)[[q\] 
and the orbifold elliptic genus ip s t{A, 'A, £) of the triple (A, 'A, £). The definition of 
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(fist (A, ~f, £) is such that, if X is a complete Q-factorial toric variety and A(X) is its 
fan, then ip s t(A(X), Y, £o) coincides with the orbifold elliptic genus of X regarded 
as an orbifold, where all the vectors Vi in Y are taken primitive and £o = Xi - 
We first consider the function $(z, r) of z in C and r in the upper half plane 
,y<? defined by the following formula. 



$(z,r) = (ti-t-i)]J 



(l-tq k )(l-t- 1 q k ) 



k\2 



where t — e 27r V^iz anc j q = e 27rv/ ^" r . It is meromorphic with respect to (z, r). Note 
that | 9 | < 1. Let A=(® ^ G SX 2 (Z), and put A{z,t) = $ is a 

Jacobi form and satisfies the following transformation formulae, cf. 

(12) ${A(z, r)) = (cr + ^"V^" 2 $(z, r), 

(13) $(z + TOT + n, T) = (_l)™+» e -^V^T(2m Z +m 2 r) $ ^ ; 7- ) 

where to, n G Z. 

For cr G C we set 

$(z + cr,r) 

cp st {z,T,a) - 



<I>(z,t)$(ct, r) 

1 — C* ^ (1 - « fc ) 2 (i - C*ff*)(i - C -1 * -1 ?*) 



(i _ c)( i _ t) n (1 _ C(zfe)(1 _ C - V)(1 _ t g k)(1 _ t -x qk) > 

where £ = e 27rv/ ~ T<T . From (fT2|) and (fl"3l) the following transformation formulae for 
<j) s t follow: 

(14) cj> st (A(z,T),a) = e 2K ' /=Ie " r <f> at {z t T,(cT + d)a), 

(15) st (z + TOT + n,r,a) =e- 2T ^T™^ t ( Z;Tj(T ) = r ™0 st ( z , T;(T ). 

Definition. We define the (equivariant, stabilized) orbifold elliptic class 
4 t (A, r,0 of a triple (A,r,£) by 

(16) _ 

4(A,^6= E II ^ M9l Ust(--^=+v t (g 1 )r-v l (g 2 ),T,d t a). 



2?rv 

(Si,32)£DGa iesf 1 ) v 

Remark 3.1. Let X be a complete Q-factorial toric variety and A the fan 
associated to X. Put = — X),gs(i) x i- F° r £ = J2i define -Da = J2i a i x i 
£T 2 (A, r)(g)Q by £ = -i^A-^A, that is a t = l-d t . For the divisor D = J2i a i D i 
in X the singular elliptic class §ll S i ng {X, D) defined by Borisov and Libgober is 
equal to (— ^(cr, r)) dlmX c? ;jt (A, TP, £) where all vectors Vi in Y are taken primitive. 

The right hand side of (fl6|) does not depend on the choice of representatives 
v(g\), v(g2) in view of (fT4"| and (JTS]). It is sometimes useful to take a representative 
v(g) of 3 G Ga such that 

(17) < v l {g) < 1 for all i G I. 

Such a representative is unique. We denote the value Vi(g) by f g j for such a 
representative v(g). The sum X^es* 1 ) ^i/s.i wm t> e denoted by f g (0- 
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For h = T)i(g) £ Hi we put fh,i = f g ,i- It is equal to (uf,v(h)) for a uniquely 
determined representative v(h) of h. If h lies in TTr- for K £ £( fe ) contained in 7, 
then fh.i = for i K 7 and fh,i depends only on K . 

Note that 

^ st (~7r~T^ + Vi (gi) T - Wi(5a),T, dicr) 
Zny — 1 

i fr (i - g fc ) 2 i - c d -e* fr a - c d -^g fc )(i - r^jrV) 

i - C di (i - C d ^ fe )(i - C- d ^ fc ) 1-6 (i-6«/*)(i-cV) ' 

where 

& = e -^^( 9l ) e - 2 -^te) = e -^^^) x .( 52 )-i, 

e _:Ei is considered as an element of the completed ring 77£*(A, Y) (g> Q. Let r be 
the least common multiple of {\Hi\] IeT ,^) ■ The right-hand side of (fTI)]) defines an 
element in (fly* (A, f) <g> C)[[g-]]. It will be shown in Theorem [3731 that it in fact 
lies in (flf (A, ^)®C) [[811- 
Definition. The (equivariant, stabilized) orbifold elliptic genus i st (A, "f,^) £ 
(H**(BT) <g) C)[[q]] is defined as the image 7r,(4, t (A, V , £)• 

Explicitly we have 
Proposition 3.2. 

(18) 

= E WT E Y[^ M ^ ) Us t {- 1 ^ + {ulMh,)r-v(h 2 )),r,d l o). 

h 2 EHj 

Proof. We take a representative v(g) for each g £ Ga satisfying (jTTJ) . Let 
(5i)32) € -DG A and 7 G E w . Note that x cj) st (-^±= +Vj(gi)r - v J (g 2 ),T,d J a) 
is of the form 

If gi £" Gi or 32 £" Gj, then there is a j 7 such that Vj(g%) ^ or ^(32) 7^ 0. 
For such j the Maclaurin expansion with respect to Xj of the factor has no 

constant term. Noting that tj(xj) — we have t/(jz^r) — an d hence 
^(^C d3t,3(9l) ^ t (-^= + ^(5i)T-^(52),r,d^))=0. 

27TV — 1 

Therefore only elements (31,52) m x Gj contribute to tJ(^ s t(A, "V, £)). 

Next suppose (31,32) lies in Gj x G/. If j £ I, then Vj(gi) — 1^(32) = and 
t*(xj) = 0. In particular t|(£j) = 1 and tj(^z^r) = 1, t>*i{<j>j{xj)) = 1- Hence 

t *(i J ^(»)0 rt (_—^+« J .( ffl )r-ti i ( fe ),r,d,-<7)) = 1. 
z7rv — 1 
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It follows that 
(19) 

= L i\ E J|z < C' ii " ((g 'V»t(- 27] . 3 %y + ^(gi) r - Vi(g 2 ),T, dio) 

\{91,92)£G I xG I i£I 
(h 1: h 2 )€H I xH I iel 

Here i>(/i) denotes a representative of h S if/ such that < {u\,v{h)) < 1. Then 
we have 

7T.(£ t (A,r,0) 

= E #r E n( d ' ( "-* ,> fe(-r4r + K,*)}-(-^(fe)),^.4 

□ 

Note. The right hand side of (fT8|) is independent of the choice of representa- 
tives v(hi) and f (/12) though we used representatives satisfying (fl7|) in the proof 
above. 

Put Lc = L ® C. We shall also consider a function <p s t(A, £) from Lc into 
C[[g]] defined by 
(20) 

&t(A,y,0(uO 

= E If! E n^^'^^H-^ + ^M-^.r.dicr). 

This function <p st (A, ^,£) is also called (stabilized) orbifold elliptic genus. Later it 
will be shown that <£ st (A,^,£) belongs to (_R(T) <g> C)[[g]] and ch{<p st {A, T, £)) = 
£ s t(A, £). Here i?(T) is the character ring of the torus T and its elements 
are considered as functions on Lc via the projection Lc — > Lc where Lc is the 
complexification of T. For £0 = Siesu) x » the genus ip s t(A, £0) was introduced 
in |12j in a non-stabilized form as the orbifold elliptic genus of the pair (A, 
and was denoted by <f>(A,y), cf. also |10j . <p s t(A, V X) is sometimes written as 
ip a t{A, Y, £; w, r, <r) to emphasize the variables. Also r and a are often considered 
as parameters; in this case it is sometimes written as s t(A, £; r, a) to emphasize 
the parameters. 

A vector v G L can be considered as a homomorphism C 3 z 1— > zd e Lc. Let 
w*((^ s t(A, £)) be the pull-back induced by v. It will be denoted by 

and will be called the (stabilized) orbifold elliptic genus along v of the triple 
(A, f). Explicitly it is given by 

(21) 

# t (A,r,0(«) 
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If J C K then we have Lj n Lk.v — Lj^y, and hence Hj is canonically 
embedded in Hk ■ We set 

Hk = H k \ (J Hj. 
The subset -ffft- is characterized by 

(22) % = {h £ H K I (uf , v(h)) g Z for any i £ K}, 

where v(h) £ Lk is a representative of h £ Hk- For the minimum element * = £ 
we set H* = H* = 0. Note that (J22j) can be rewritten as 

H K = {h £ H K \ h,i ^ for any i £ K}. 

If if is contained in I £ T,( n \ then the canonical map L*j . r — > L*^ y sends itj 
to uf for i £ K and to for i £ I\ K. Therefore, if h is in H K , then (uj , v(h)) = 
for i £ I\K, and (uj,v(h)) = (uf,v(h)) for i £ K. Here v(h) £ Lk is regarded as 
lying in L. This observation leads to the following expression of <£ s t(A, £) which 
is sometimes useful. 
(23) 



fc =0 K6EC) ,h 1 eH K / e s < " _fc) 



li ^ s *( — 111 + v {h2)),T, di<j) Y\ <t>st{— (Ui, w — rv(hi) + v(h 2 )), r, dicr), 

h 2 eH I i£I\K iCK 

where u*(£) = £(0 = E ig x 

Theorem 3.3. <4t(A,r,f) &don<?s to (#£* (A, r) ® C) [[<?]]. e st (A,r,0 &e- 
Zongs io (if** (ST) ® C) [[#]] . Moreover, if A is complete, then <p s t(A, belongs 
to (#(T)<g>C) [[?]]. 

PROOF. Since the map JeS( „) : (i?£*(A,r) (g) C)[[g-]] -> {{H**{BT) <gi 
C)[[q^]]) s< " > is injective it is enough to prove that (A, T 7 , £)) belongs to 

(H**(BT) ® C)[[g]] for any 7 G EH 

Fix J and <7i G Gj. In view of (fTi?]) it suffices to show that 

\g2ediei n v 

= J2 T\^st{-—%= + {ul,v{h 1 ))T-{ul,v{h 2 )),T,d t a) 
, — „ z7rv — t 

belongs to (H**(BT) (g> C) [[<?]], where w(^) is the unique representative of g £ Gi 
satisfying (fT7|) . We introduce auxiliary variables n with 3(n) > and put 51 = 
e^V^i . We put 

^(li)= Y] TT^t(- n X !— p +n«i(gi) - v t (g 2 ),T,d l a). 

Z7TV — 1 



g 2 eGi is/ 

and expand it with respect to g: 

*( 9l ) = £ # s ( 9l y. 
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Put Xi{g 2 ) = Xi{92)- l e- Xi ql i{9x) . Since 



X ■ 

t>st (- - — 7= + nvi (gi ) - Vi (g 2 ) , t, <n) 

Z7TV~ J- 



fc\2 



(i-g fc ) 



c * 11 (i - - c-«V) 

l - C rf '^(.9 2 ) (i - C di ^i(g2)g fc )(i - C d -^(g 2 rY) 
i-^(. 92 ) 11 (l - XifaWXi - XM-W) ' 

$ s (qi) is expanded in a Laurent series 

S s { qi )= Yl a - E X i(92) ci ■ ■ ■ X n (g 2 y- 

c=(ci,...,c„) 92eGj 

where / is indexed by {1, . . . Moreover the sum of negative exponents Cj is 
bounded below by — s, i.e., — s < X] c <o Ci ^ or au c - ^ we P u ^ Uc = Sie/ c i w f) then 

tj( ^i(.92) Cl ---X„(. 92 ) c ") = ^ X /K>2)e-"^f- t ' ( ' ll)> . 
Since u c lies in Lj Xi[ u ci ) is a character of 77/, and we have 



Hence tj(^ s (gi)) = X) c -« e£J a c e~"' : <7 1 u ' : ' t ^' 11 ^ . Since (u c ,hi) is an integer for 
u c € LJ, ij(d' s (gi)) is a Laurent series in g>x. Furthermore, since < fh t ,i < 1 
and -s < J2 Cl <o c ^ we nave _s - Hi c ifh u i = (u c ,v(hi)). Noting that S(q) = 
J2sez, >0 ^s(q)q s , we see that has no negative powers. Thus i*j{S{q)) is a 

power series in q. This proves that <# s t(A,f ,£) belongs to {H^*{A,Y) ® C)[[g]]. 
Since e rt (A,r,0 = 7r.(«4t(A, it belongs to {H**{BT) <g> C)[[g]]. 

To prove the second part fix X S £( fe ' and S Hk ■ In view of it suffices 
to show that <^? ll (A, £) defined by 

is expanded in a formal power series in q with coefficients in R(T) ® C. 

Take gi € Ga such that rjK(gi) = hi. Then f;(<?i) — Qioxi^K since /ii € i?ic . 
Put E W = U/dk ^ anc ^ consider the following two quantities 

&{Ql) = E II ^ s «(~ n ^/-^ + r i^(gi) ~ v i(g2),T,dicr), 

Any— l 

saeGAjgs'ti) 

<p(qi)(w) = ^ ]^[0 st ((M l / ,-w + Tii;(ft,i) -v(h 2 )),T,dia), 
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and expand them with respect to q: 

sGZ> 

(p(q 1 )(w) = ^2 <Ps(w,q!)q s . 

sez> 

Note that 

<p(q)(w) =cp hl (A,y,OH. 

As in the proof of the first part we see that <S s (qi) is expanded in the following 
form: 

.es'w Xi(92) 'e l g x 

e> s yq\) = y o c > — — . 

If we put x c = X^es'u) Cj^ii then, by a similar argument to the proof of Proposition 
13.21 we see that tp s (w,qi) is expanded in the form 

Corollary 2.4 of [H] says that 



belongs to R(T) ® C[gi, x ] as a function of w. Hence (p s (w, q{) also does so. 

Then, by a similar argument to the proof of the first part, <^^ 1 (A, 'f,^){w) = 
(p{r)[w) = J2 s ez >0 'fs(w,q)q s is expanded in a power series J2 s ez >0 t fis(w)q s in q 
with <p s e R{T) ®C. □ 

Proposition 3.4. Assume that A is complete. Then the Chern character 
ch: [R(T)®C)[[q]]^ H**{BT)®C[[q\] sends st (A, f, to e st {A,y,£). 

Proof. The element t u of the character ring R(T) corresponding to u G L* 
is considered as a function on Lc defined by e 2,rv/ ~^"' ) . On the other hand 
ch(t u ) = e u where L* is identified with H 2 (BT). Hence ch{e^^^ >) = e" or 
c/i(e< u - >) = e^7=T. Thus, comparing (|18p with (|20[) . we see that 

(24) ch(<p st (A i -r,o) = i st (A,-r,o. 

□ 



Remark 3.5. For a not necessarily complete simplicial multi-fan A we can 
consider the function (p s t (A, T 7 , £) as a formal power series in q whose coefficients are 
rational functions with denominators of the form — a it Mi ), Ui € Ly, on 7^ 0. 
The map ch is extended on such rational functions by ch{\ — at u ) = 1 — ae w € 
H**(BT) (g) C. In this sense (|24l) holds for general simplicial multi-fans. 
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4. Rigidity and vanishing property 

Let N > 1 be an integer. We shall consider the following condition for £ G 
H*{A,r)®Q: 

(25) £, = Nj] + u, for some r) € iff- (A, f ), ii£ i* r <g> Q. 

If the condition (|25|) is satisfied, then the classes of u 7 (£) = £•/(£) an< ^ M regarded as 
elements in the quotient L* r (g>Q/NLy are the same. Let wbea vector in L~y. Since 
(L*j(ri),v) is an integer for all I € £' n ), the values (?/(£), t>) and (it, u) regarded as 
elements in Q/iVZ are equal. It will be denoted by h(v) G Q/NZ. 

Note that if £ satisfies ([25]) with rj T-Cartier, then (u 1 (£), v) = (u, v) mod NZ 
even for any v £ L, and hence h(v) G Q/NZ is also defined for v G L. 

The following two theorems are the main results of this section. Prototypes of 
these theorems were already given in [7] , [9] and [10) . The proofs given here are in 
the same line as those of the cited works. 

Theorem 4.1. Let (A,1^,^) be a triple of complete simplicial multi-fan in a 
lattice L of rank n, a set of edge vectors and an element ofH%,(A, ^)®Q. LetN > 1 
be an integer. Assume that £ satisfies (|25p with r\ T-Cartier. Then ip s t(A, "f , £;t, a) 
with a = jj, 1 < k < N, is rigid, that is, it is a constant as a function of w G Lc ■ 
If, moreover, £ does not belong to NH^{A,i / ), then it constantly vanishes. 

Theorem 4.2. Let (A,^,^) be a triple of complete simplicial multi-fan in a 
lattice L of rank n, a set of generating edge vectors and an element ofH%,(A, ^(giQ. 
If £ satisfies the equality £ = u with non-zero u G L*^ <g) Q, then </? s t(A, "f, £; r, a) 
constantly vanishes. 

The rest of the section is devoted to the proofs of Theorem 14.11 and Theorem 

I4~2l 

Let v G L-y be a generic vector. We put Hj = L/Lj^y for / G TS n > as before. 
For A G SL 2 {Z) we set 

(^ t ) A (A, r, £ z, r, a) = (p v st (A, Y, £ A(z, r), a). 

Lemma 4.3. Assume that £ satisfies (j25j) . Then ((p v st ) A (A, "V , £; z, r, a) with 
a = jf ; < k < N, has the following expression. 

(26) 

(£ v st ) A (A,'f,Z;z,T,a) = e -W=T(c<«,„>.*) £ £ e -2,V=I( i;W ,cb.) 

;es(") ' 7 (h 1 .h 2 )eH I xH I 

Proof. By definition we have 
(0 v st ) A (A,f,Z;z,T,a) 

= E Tin E n c <d * u « ■ B ^»0.t (-(4, "-("+»<y+»M MTi , 

h 2 eHj 
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Using (|T4|) we get 

(27) 

n c <*«f m- M , ^-^ + bHh 1 ) + (cr + d)v(h 2 ) At ^ di<j) 

±A - ct + a 

iei 

= ^<« J (4),ti(/ii)) e 27r v / ^T(c<u I (C),-2 t ;+(aT+6)t)(h 1 )-(cT+(i)t)(h 2 ))o-) 

Y\_4>st (-(u* , zv - (ar + b)v(h\) + (ct + d)v(h 2 )),T, (ct + d)di<j). 

iei 

We have 

c ((or + b)v(h{) - (ct + d)v(h 2 )) = -v(hi) + (ct + d)(av(h 1 ) - cv(h 2 )). 
Hence 

A<« / (C),n(/ii)) e 27rV^T(c<« I (5),-2;-u+(ar+6)i)(/!. 1 )-(cr+d)D(/i2)><T) 

(28) 

Since £ satisfies (|23|) . we get 

Let p : Hj x iij — > Hj x iJ/ be the map defined by 

p(hi,h 2 ) = (h\,h 2 ) = (ahi - ch 2 , -bh\ + dh 2 ). 

p is bijective and its inverse is given by 

p~ (hi, h 2 ) — (dhi + ch 2 , bhi + ah 2 ). 

Then av(h\) — cv(h 2 ) and — bv(h\) +dv(h 2 ) are representatives of h\ and h 2 which 
we shall denote by v(h\) and v(h 2 ) respectively. 

In view of (|28[) and (|2Uj) . the right hand side of (|27p is equal to 



(30) 

II e^^<* tt ^ CT+ *™( Sl >> - v(h 1 ) T + v(h 2 )),T, (ct + d)d t a). 



^ — 2tt\/—1(c{u,v) zct) ^— 2-7rv— X(tj (77) ,cfc2ii) 



Summing up over (h\,h 2 ) is the same as summing up over (h\,h 2 ). Hence from 
([317)) we get (|26p with hi replaced by hi for i — 1,2. This proves Lemma |4~51 □ 

Lemma 4.4. Assume that £ satisfies (|25p wii/i T-Cartier. Then, for fixed t, 
the meromorphic function (ipl t ) A (A,y;z,T 7 o-) in z with a = jt, < k < N , has 
no poles at z £ R. 

PROOF. The expression (gSJ) in Lemma |4*U1 of the function (<^ t ) A (A, ^; 2, r, cr) 
can be rewritten in the following form as in the case of (f2"3")l . 

(<p: t ) A (A,f,Z;z,T,a) 

n 

_ e -27rv cr T(c(u,t)>ztT) e 27rv^T(u A ' (£) , (cT + d)<ri> (hi )) 
fc=0 if ££<*=) ,hiGH K 

/gE ("-fc) ' J ' h 2 €H I ieI 
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Hence, in order to prove Lemma |4.4| it is sufficient to prove that 
w(I 

Wi 



h 2 €H I iEI 

or, replacing ck by m and (cr + d)a by cr, 
(31) 

has no poles at zS R for any fixed K £ £( fc ) and h\ € Hk- 

Note that {L* I {rf),v{h2)) is an integer for all / 6 £' n ) since 77 is T-Cartier. 
Therefore 

e -2TT*y^T(i,* I (ri),mzv) _ e -2n ^/^T (i.* K (rj) ,mTv(h% )) — 27r\/ = T(tj (77) ,m(zv-Tv(hi )+v(h 2 ))) 

Note further that 

e -2irV=T(i.J(i7),m(««-ri«(/n)+«(/i2))) = %/ ( t * ( mJ? ) ^ h 2 ) e~ 27v ^ ^ ^' zv ) q { f' ( mr >)Mhi)) _ 

By a similar argument to the proof of Theorem l3.3[ we see that (l3T|) can be expanded 
in the form 

OO 

where {fist) k hi s( z ) belongs to R^ 1 ) ® C. From this we can conclude that (j3"Tj) 
has no poles at z € M. We refer to Lemma in Section 7 of |13j for details. See 
also Lemma 4.3 of [7] whose argument can be applied to prove that the function 
(0 v st ) A (A,Y,£,;z,T,a) with a = |r, < k < N, is holomorphic on R x Jff as a 
function of (z,t). This finishes the proof of Lemma \4. 41 □ 

We now proceed to the proof of Theorem 14.11 We follow [15] for the idea of 
proof. We first show that v st (A, "f, £; z, r, cr) is a constant as a function of z. 

We regard ^ t (A, £; t, cr) as a meromorphic function of 2. By the trans- 
formation law (|14[) S i(z,r, cr) is an elliptic function in z with respect to the lat- 
tice Z ■ iVr 9 Z for it = | with < fc < N. Hence ^ t (A, ^, £; 0, r, <x) with 
(7=-^-, < fc < TV, is also an elliptic function in z. Thus, in order to show that 
(fg t (A, Y, £; z, r, cr) is a constant function it suffices to show that it does not have 
a pole. 

Assume that z is a pole. Then 1 — t m q r a = for some integer m ^ 0, some 
rational number r and a root of unity a. Consequently there are integers mi =/= 

and k\ such that miz + k\T e R. Then there is an element A = (® ^\ G SLii^) 

such that 



Since 

# t (A, r, £; Z , r, a) = fi t (A, V, £; A" 1 ^, At), a) = (^t)^ (A, y, £; At, a), 

the function {(p v st ) A 1 {A, Y, f; uj, At, cr) must have a pole io = € R. But this 
contradicts Lemma l4~4l This contradiction proves that (p v st (A, Y , £; z, t, cr) can not 
have a pole. 
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Since (p v 8t (A, "V , £; z, r, a) is a constant function in z for every generic vector 
t£i, (p s t(A, Y , £; t, cr) is constant as a function on T. This proves the first part 
of Theorem 14.11 

To prove the second part note that 

8t (A,-r^;r,a) = v 3t (A,i^,tz,T,a) 

for any v as constants. On the other hand, using (fT4| and the fact that v) = 

h(v) mod NZ for any / E S^™\ we have 

^ (A, r, £; r, a) = #t (A, r, + t, r, a) = C h(v) (A, V , £ z, r, a) 

= C" (,;) ^ t (A,r,C;r,a). 

We choose a generic vector u such that ^ in Q/NZ, which is possible by 
Lemma [4.51 below because of the assumption £ g" NH^(A,y). Then C' 1 ^) is not 
equal to 1. Hence (j32|) implies that the constant (^ s t(A, ^, £; t, ct) must vanish. 
This finishes the proof of Theorem 14.11 

Lemma 4.5. Assume that di does not belong to NZ for some i and £ satisfies 
the condition (|25|). Then there exists a generic vector v E L such that h(v) is 
non-zero in Q/NZ. 

Proof. Fix an element / G S^ n ' containing io with d, £ NZ. Since the u\ 
form a basis of Lj y and c?i Q/NZ, there is a v = X^'el ^ C £ with 

a; G Z, aj 7^ for all i € J such that (m / (£),w) = aidi does not belong to 

7VZ, i.e., (<;/(£), u) ^ in Q/NZ. Since £ satisfies the condition 1(25]). the value 
(u 7 , u) G Q/NZ is independent of / and equal to as remarked above. □ 

For the proof of Theorem 14.21 we apply Theorem 14.11 with r\ — and arbitrary 
N > \ such that £ = u does not belong to NL* r . One sees that <f s t(A, Y, £; t, a) 
vanishies for a = jj, < k < N . Since this is true for infinite many integers N we 
see that (p s t{A, Y, £; r, c) must be equal to 0. 



5. A character formula for orbifold elliptic genus 

In this section we shall give a character formula for ip(A, Y,£). A similar 
formula was first given by Borisov and Libgober in [2] . The formula for the orbifold 
elliptic genus of a multi-fan was given in |12j . 

Recall that faj for h E Hj and i G J is given by //j^ = (uf ,v(h)) where 
satisfies 

< (u/, < 1 for all i E J. 

Theorem 5.1. Let (A,1^,£) be a triple of complete simplicial multi-fan in a 
lattice L of rank n, a set of generating edge vectors and a Q-divisor. Then 

(33) 

= E IE E (-ir-^eg^x^v-- > n . 

w/iere = Y^iej d ifh,i and vjm = J]i G j 
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Note. vj t h — J2iej( u i ,v(h))vi — v(h) G Lj for a particularly chosen rep- 
resentative v(h). Hence (u 7 vj,h) G Z. This shows that <£ s t(A, "¥,() belongs to 
(R(T) (g> C)[[q]]. This fact was already proved in Theorem 13.31 Note that 

s H 11 1 _ Cd ig (u,Vi) 11 i _ rd lQ {u,v,) 

We need the following three lemmas. 

Lemma 5.2. Suppose that \q\ < \t\ < 1. Then we have the equality 

t m 

( 34 ) ^(W)=E737^ 

Lemma 5.3. Put a = e 27T ^ Tw . Suppose that \a\ = 1 and \q\ < \t\ < 1. If I ^ 
is an integer, then we have the equality 



4> s t(lz + w,t, er) = 



1 

a"f m — 
"" ez l - Cg" 



i 



,W<z r 

Lemma 5.4. Let f be a real number with < / < 1 and i ^ an integer. If 
I^Ug 1 -'! < |t|<l 

«/> st (/z + /r + w, r, a) = £ a m t lm , 
mez 

where a = e 27r v / -T^ ; | a | = \ as before. 

Lemma I5T21 is essentially the same as Lemma 3.5 of [12] . The equality (|3"4"|) was 
first proved in [2]. Lemma l5.3l is essentially the same as Lemma 3.6 of |12j . Lemma 
15.41 is essentially the same as Lemma 3.7 of [12] . 

We now proceed to the proof of Theorem 15. II Take a generic vector v G Ly. 
Then (u{ , v) is an integer for any I G For / G we put J(u) = {i \ (uj, v) < 

0}. We take a representative v(hi) of /ii G Hk such that 

(ul,v(hi)) = (uf,v(hi)) = f hl! i 

for each i E K. Then, by (|23|) . ^ t (A, T^, £) can be written in the form 

^(A,r,o=£ E El 

(35) J][ <j> st (-{u{,zv + v(h 2 )),T,di<j) 

i£l\K 

11 C* /hl ' i si (-(u[ J *> - Tw(fti) + u(/i 2 )),r, djtr). 



If t G C satisfies 



|«M,k 1_ -M <|tl^>l|, |f|<l, 



INVARIANCE PROPERTY OF ORBIFOLD ELLIPTIC GENUS FOR MULTI-FANS 19 



then by Lemma l5.4( we have 

<f>8t(-(ul, zv - tv (hi) + v(h 2 )),T, did) 

= J2 XM, v(h 2 ))-^ q ™^H-™^ _ \ . 

Next fix i G I \ K. Then, by Lemma l5?3l we have 
<t>st (- (u{ , zv + v(h 2 )) , t, d t a) 

'H mi& xM,v)-™n-™M,v) - - 1— for i G /(«) \ X, 

E^ezX/K^)-" 1 **-" 1 *^^ ( 1 _^ iq m i - 1 ) tor iel\(l(v) UK). 
Now suppose that \t\ < 1 and g satisfy 

{qf^ltf-fki-'l < \t\< u l' v >\\ 
for all it K, hi£H K , K G £ (fe) , and 

|?| < |t'<"«" w >l j 

for alH G 7 \ K, I G E^"* and K G £ (fe) . Then we obtain 
II <t>st(-{ul, zv + v(h 2 )),T, d,a)Y[ C dlfhl -'^st(-(ul, zv - Tv(h x ) + v(h 2 )),T, d. t a) 

ieI\K i&K 

= C /W© jj ^^K^pr^.') ^ 

iei(v)\K nuez ^ 
ie/\(/(-u)u/f) m,ez v s 

Furthermore 

LT \ _ rdinrrii W ( I — C di a mi ^ / 1 — C di a mi 

ieI(v)\K S ie/\(/(i>)Uif) v s y 7 ie-K" s y 

= E E II 1 Cd iQ mj ' 

*=o ,/es( ! >:(/(t,)uif)c./c/ ieJ 
for each 7 G X^~° . 

If we put u = X)ie/ m « M i e -^r y then m, = (u,Vi). Hence Jlie/ t~ mi ^ Ui = 
t -(u,v)_ Since ) = e 2«V=i(u, > we see that n ie /X/("f»" mi = X/(w,/i) _1 - 

The 1-dimensional representation Xi( u i h) °f ^7r = L/ Lj y is trivial if and only 
if it G 7*. It follows that 

Y Xl (u,h)-i = f lHl1 ifueL *' 
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Combining these we have 

(36) 

E EI ^ st (~( u i> zv + V (h-2)),T, dia)Y]_ C hl,< ^»t(— ("ii zv - TV (hi) + w(fe)),r, di<j) 

h 2 EBi ieI\K ieK 

n 1 

"6Xv« fc=0 JeE(0 : (i-(i,)ui<:)CJC/ J' 6J 

Fix Je E. It is easy to see that the union of {Hk \ K 6 E, if C J} is disjoint. 
Since any /i € f/j is contained in Hk h by ([22]) where if/j = {j € J | /hj 7^ 0}, we 
have iJ,/ = UHk- Moreover we have 

/j,fc(0 = fehMO and U M = v K h ,h- 
Taking these facts in account in (|3(5[) and using (|3"S")) , we get 

(37) 

&(A,r,£) 



= E*" M EE ^ c /-(o g (™) ( _ ir - fc ^ ^jj^i 

uG-L* fe=0 JgE( fc ) ftSHj I:I(v)CJCI je.J ^ 

Since X)/es(' i ) /(u)cJc/ = deg(Aj) by definition we have 



(38) 



= E (E E (-l)"- fc deg(A j)C ^-(«^™) J] w^w )- 

Since <£ st (A,^,£) belongs to (_R(T) <g> C])[[g]] and d38j) holds for any generic 
vector u, Theorem 15.11 follows . 



Remark 5.5. Stabilized orbifold elliptic genus along a vector u is defined for 
a complete simplicial multi-fan by the formula (|21[) . However the right-hand side 
of (f2Tj) still has meaning for general simplicial multi-fans. Thus we can define 
(pg t (A, in general by (f2Tj) . It can be written in the form (|23|) too. Note that 
Theorem 13.31 does not hold in general because it depends on an integrality theorem 
(Lemma 2.5 in |12j ) that holds only for complete simplicial multi-fans. Neither 
holds Theorem 15. ll in general. But the following Proposition holds. 

Proposition 5.6. Let A be a simplicial fan satisfying the condition that every 
J G E is contained in some I € S'"'. Then (|38|) ZiokLs provided that the generic 
vector v is contained in Ujgs(») C(-0 •' 

= E riu ' v) ( E E (-lr-^^V^^ n 



L 1 - Qdiq(u,v z ) 



PROOF. Note first that w(7) = 1 for all I e E^ since A is a fan. It suffices 
to show that 

#(£„(./)) = #{ J |J(«)c Jc/} = 1 
for all J € S provided that u is contained in U/gem C(-0 because the completeness 
of A was only used at the step from (j3"T|) to l[3"8]). Suppose that J lies in E'". Then 
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the set {/ I I(v) C J C /} is identified with the set S V (J) = {I € E>" \ v £ 
Cj(I)} where v is the image of v in L^. But Aj is also a fan and every simplex 
K G Ej is contained in some / G Moreover v is generic and contained in 

U /eE < r <> Cj(i). Hence #(^(J)) = 1. □ 

Remark 5.7. If we consider ip st (A, Y, £) as a function assigning to each generic 
vector v G U/e£(«) ^(-0 the value </?" t (A, £), then holds in this case with 
the understanding that t~ u is a function assigning the value f'"'") to v. 

6. Invariance of orbifold elliptic genus under birational morphisms of 

mult i- fans 

Let A be a simplicial multi-fan (not necessarily complete) in a lattice L and 
y = {w,} igS (i) a set of prescibed edge vectors as before. We shall consider a multi- 
fan A' = (E', C , w ,:t ) in the same lattice L and a morphism p : A' — > A related 
to A in the following way. p may be regarded as a generalization of birational 
morphism in toric theory. We require the following conditions for A': 

a) There is an injection n : E^ — > E'W satisfying C(i) = C'{n{i)) for each 

b) For each J' G E' there is a simplex J G £ such that C'(J') C C(J). 
Moreover, for each J G E, the collection {C'(J') | J' G E',C"(J') C 
C(J)} gives a subdivision of the cone C(J). We shall denote by p(J') 
the minimal simplex J G E such that C'(J') C C(J). 

c) For I' G £'(") 

u;' ± (/')=^ ± (p(0)- 
In particular w'(I') = w(p(I')). 
p({i'}) is simply denoted by p(i')- Note that p(n(i)) — i for i G E^ 1 -*. The map 
/? : E' — > E is sometimes denoted by p : A' — -> A. Let ^ = {^iLesu) an d 
^' = {^i'li'es'f 1 ) be sets of edge vectors for A and A' respectively. Note that v K ^ 
and Vi lie on the same half line C(i) but they may be different. 
The vector is written uniquely in the form 

Vi' = ai ' iVi 

with a^i G Q>o- We put a^, = for i £ p(i')- We then define a map p* : 
F|.(A,y)(g)Q^F|,(A / ,r / )®Qby 

i'es'(i) 

Remark 6.1. As a special case related to (jlj consider the following situation: 
A' = A and f = {«-} i£E (i) , f = {vi} ie ^(i) with u< = a^, a { > 0. If £ = £\ c,i„ 
then = ^ ajC^i. In particular = £\ a; 4 if and only if £ = £\ i-Xj. In 

this case Da defined in Remark IXT1 is given by £\ ^^P^. As typical examples 
of such a situation one can quote weighted projective spaces P(ao, . . . ,a„). We 
assume that the greatest common divisor of {ao, . . . , ai, . . . , a„} is equal to 1 for all 
< i < n. P(ao, • ■ ■ , a n ) has two natural orbifold structures; one is given as the 
quotient space of C" +1 \ {0} by the action of C* given by 

z(zo, ...,z n ) = (z a °z , z ari z n ), 
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and the other as a global quotient of P" by the standard action of the group 
Z/aoZ x • • • x Z/a„Z. The former corresponds to and the latter to V . 

Lemma 6.2. p* extends to a ring homomorphism p* : H^(A., ^) ® Q — > 
H%.(A',y) <g> Q. Moreover p*(u) — u for u <E Lq and p* is an H£(BT) <g> Q- 
module map. It satisfies 

(39) Lj, O p* = Lj 

for any I G S (rl) and I' G suc/i t/iaf p(I') = J. 

Proof. Let I be a non-empty subset of E^ 1 ). In order to show that p extends 
to a ring homomorphism it is enough to show that Yiiei Xi = ^ implies 

jjp*(xj) = Yl ^2 ai ' %Xi ' = °- 

iei ieii'gs'Ci) 

Assume that there is an element G E'W for each i £ I such that i G p(i'(i)) 
and Ilie/^i^i) 7^ 0- Then I' = {i'(i) \ i 6 1} is a simplex and p(I') = L Hence 
/ must be a simplex. This contradicts the fact that J\ ieI Xi — 0. Therefore, for 
all subsets {£' | i G p(i'),i G I}, the product Jl 2 ^' must be equal to 0. Then 
Hie/ /Ci'eE'U) a i'i x i' > as a linear combination of such elements, is equal to 0. 
For it G we have 

P*( u ) = ^2(u,v l )p*{x t ) 

i 

i i' 

= y^(tt, = u. 

Then p*(ux) — p*{u)p*(x) = up*(x) for any x G H^(A, 'V). This shows that p* is 
an H^(BT) ® Q- module homomorphism. 

In order to prove (|39[) we may check it on the generators x, € iJf^A) since 
tj, tj/ and p* are ring homomorphisms. If Uj' = a^iVi for i' G then 

u i' = Sis/ witQ Si' e/' a «'i & i'j = Hence 

tJ/(p*(Xj)) = <-/'(y^Qi'i^') 

= y^y^'Ao^ = uf = i*i(xi). 

V 3 

This proves flU. □ 
If £ = EteEt 1 ) and P*(0 = Ei'es'(i) d t ,a V' then 

^i' ^ ^ Q>i'idi 

iep(i') 

as is easily seen. If we put u J (£) = J2ie.J^ iU 'i w ^ n ^ = P(*')> then dy is also 
written as 

(40) (k> =(u J (£),Vi>}. 
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Note also 

d t = (u J (Z),Vi). 

Theorem 6.3. Let A be a complete simplicial multi-fan and let p : A' — > A be 
a map satisfying a), b) and c). We put £' = p*(£). Then A' is also complete and 
the following equality holds: 

The proof will be given in the next section by using a local version of the 
theorem. 

7. Local version of invariance 

For a triple (A, "V , £) with £ = X)ies(i) di£,i we set 

b.,(A,y,o = E (-i) n - k c f ^q VJ - h II _ l d 

heHj ieJ 

where q v for v € L is considered as a function assigning to each —uEL* the value 
g <«,«>_ Thus qVJih * takes the value 

(u,vj,h) TT i 

q 11 i _ rd tQ (u,v t ) ■ 

ie.J ^ * 

at — u € L*. When A is a complete simplicial multi-fan Theorem 15.11 says that 

(41) &t(A,r,f) = E ( E degtAjMA.r.f) ) («). 

\Jes / 

In the sequel we shall write 

& t (A,r,e) = Edeg(A J )6 J (A,r,0 

to mean the equality (|4Tj) . 

Let 7 € E( n ). For a while we shall concentrate on the part of E consisting of 
all faces of I, which we shall denote by £(/). Similarly the part of A restricted on 
£(/) will be denoted by A (J). In this case we consider it as a fan forgetting the 
function w . When there is no fear of confusion, we shall simply denote E(/) by 
Eand(A(/),r|7,£|/)by (A,r,£). 

If A' is a fan and p : A' — > A (J) is a map satisfying a) and b), we put £' = /»*(£)■ 

If £' = Ei'GS'd) rf i'2V, tnen 

Define 

bj(A',r,?;A,r,Z) := E & J'(A', £') - 6j(A, 

j', P (j')=j 

for J 6 E(7), i.e., for J C J. 

The following theorem can be considered as a local version of Theorem 16.31 

Theorem 7.1. TTie statement 

B n : &j(A', A, =0 /or dim L = n and for all J e Y> 
holds for n > 1. 
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The case n = 1 is easy. In this case Y and "f consist of one vector v% and 
vy respectively. They are of the form v\ = a\v and vy — ayv with a\,ay £ Z>o 
and v the primitive integral vector in (7(1) = C'(l'). Moreover Hi = Z/ai and 

= ft/cti for ft, G Z/ai where h £ Z is the representative of ft. with < ft < ai. 
Similarly Hy = Z/ay and /,y.i' = h! /ay for ft' 6 2,/ay. Since t>i' = ^-fi, we 

have — = — by definition. We denote this last number by d. Then 



EgC^V^ 1 _ i _ i 



Similarly we have 

b { y } (A',r,£) 

Hence 



1 



i - c<y ' 

6 {1} (a', r, i' : a, r, o - 6 { i/ } (a', r, e') - & { i } (a, r, o = o. 



Clearly 

b $ (A',y',£ :A,r,$ = 1-1 = 0. 

This proves Si. 

To illustrate the proof for general case we first give a proof of B n for the 
following special case, namely the case where v K (j\ — Vi for all i £ E^ 1 ) and p(i') = I 
for all i' £ £'« \ ). In this case we introduce a multi-fan A* defined in the 

following way. Note that k induces an injective simplicial map k : <9£ = £\ £(") — > 
£' compatible with C and C". This simplicial map is realized as the identity map 
on the boundary of the cone C(I). A simplicial set £* is defined as the sum of £' 
and £ glued along <9£ via «. Note that e! 1} = £'W. C and C" determines a cone 
structure : £* — > Lr. We define the function for £* as follows: 

fl 7"z <= E'( n ) 
VM 10, / fe GE(»),i.e,7 fe = 7. 




Then 



w(4 



-1, for/fcGE'W, 
-1, for I k = I. 



The triple (E*,(7*,ty ) defines a simplicial multi-fan A*. 
We claim that A* is complete and 

f+1, Jg£'\<9£, 
(42) deg((A,)j) = \ -1, Jg E(«), i.e., J = I, 

[ 0, Jg<9£. 

In fact take a generic vector v in Lr and consider d v (J) — ^2 Ik£S (n w(Ik) 

for J G E* 1 ' where S V (J) is defined by (|10[) . If J is contained in E' \ <9£ then 
C"(J) is not contained in the boundary of C{I) and is two-sided in Lr. From this it 
follows easily that d v (J) is equal to 1 independently of generic v . This fact shows 
that (A*)j is complete and deg((A*)j) = +1. On the other hand, if J is contained 
in <9£, then J is a face of I and of exactly one simplex Ik in £'(") . Noting that 
w{I) = —1 and iu(Jfc) = +1 we see that d v (J) = independently of generic v. 
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Hence (A*)j is complete and deg((A*)j) = in this case. Since (A*)j is complete 
for all J G sl n_1 \ the multi-fan A* is complete. Other statements concerning 
(A»)j for J G S* of arbitrary dimensions can be proved in a similar way. 

We define % and to be equal to V and £' respectively. In view of the 
assumption v K u\ = Vi these definitions make sense. Then we have 

= ^ <k,(x*)i, = di ' x 'v =P*(Y1 diXi ) = P*( u ) = u e H%(A«,%)(g>Q 

for u = i/(£) = X^esu) ^y- We can apply Theorem 14.21 to obtain 

<p st {h„f t ,i t ) = 0. 

By gl]) and © we have ^ st (A„ £*) = EueL* t^ u bi(A', Y' , A, T, £)(«) and 
finally 

ft/fA', A, 0=0. 

In this case 

6 J (A',r',e';A,r,0 = 

trivially holds for each J G S^ with k < n. Thus £?„ is true in this case. 
The proof of general case proceeds by induction starting from B\\ 

B\ — > C2 — > B2 — * • • • — > B n -i — ► C n — > B n 

The statement C„ is described by using multi-fans A J, and A* which will be con- 
structed below from A' and A respectively. 

Let W be a rational affine hyperplane in intersecting C(J) transversally and 
let S = W n C(I). We assume that there is an integral point v G L in the interior 
of S. Let S'm be the image of the homothety ip of ratio m centered at v where m 
is a positive integer. S and S m are geometric simplices. We give a triangulation 
of S m \ S as follows. First the boundary 95 is triangulated in the standard way, 
i.e., its simplices are of the form Sj — S n C(J) for J G S(/) (fe ), < k < n. The 
boundary dSVn is triangulated by the barycentric subdivision, i.e., its simplices are 
of the form (bj 1 . . . bj k ) with J\ Q . . . C J k C J, Here 6,7 is the barycenter of the 
simplex tp(S(lC(J)). Simplices between dS and cJS'm are of the form Sj*(bj 1 . ..bj k ) 
with J C Ji S . . . 5 Jfe ^ / where * denotes the join. A triangulation of 5 m is 
induced from this triangulation of S m \ S together with the standard triangulation 
of S. By projecting this into the cone over S m centered at the origin we get a fan 
A* = (X*, C*). The simplicial set X* can be described in the form 

X, = X U { J * ( ,h ■ ■ ■ J k ) I J C J 1 % ■ ■ ■ % Jk^ I}. 

The case (Ji • • • Jfe) = is included. The simplex ( Ji • • • Jfc) will be denoted by K 
for simplicity. Then part of X* with K — is the subcomplex of X corresponding 
to the boundary of /. Part of X* with J = will be denoted by <9X*. It is the set 
of sequences ( J\ ■ ■ ■ Jk) such that J\ £ . . . S Jk £ I- The cone C*(J * ( J\ ■ ■ ■ Jk)) 
is the one generated by Sj * (bj 1 . . .bj k ). 

The cone C(J) is triangulated by {C'(J')} with p(J') C I and the simplex 
S is triangulated accordingly. If we replace the standard triangulation of S by 
this triangulation in the construction of A* above and Sj * (bj 1 . . -bj k ) by Sj> * 
(bj 1 . . . bj k ) with p(J') C J%, then we obtain another fan A'„ = (SJ,, C*) where 

Sj = S' U {J' * (Ji • • • J fc ) I p(J') C Ji g . . . C j fc C /}}. 
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Part of with J' = will be denoted by It is identified with d£* in an 

obvious way. 

We further assume that all the bj <G S m are integral points. This is possible 
by choosing m suitably. Moreover such m can be taken arbitrarily large. We 
put vj = bj. Then we define % to be the sum Y U {vj} where (J) ranges over 
C Putting = £ i£/ define the number dj by 

(43) dj = {u I (t),v J ), 

and the Q-divisor by 

where xj is the basis element in iff. (A*, %) corresponding to (J) g 
Similarly we define 

^':=r'U{«, 7 } (J)ebS(1 ,, £:= ^ di,x v + J2 djXj - 

i'eE'd) (j)efcE(i) 

The map p : A' — > A induces a map p : A^ — > A* by 

p(J'*(J 1 ---J fc ))=p(J')*(Ji---J fe )). 

Then it is clear that 

p*(Z*) = C 

We put 

bj*(j!-j k )(A'*, — X ^J'*(Ji-Jk)(^'*^*^*)' 

J';p(J')=J 

and 

bj*(j 1 ...j k ){K,'V*,& A„, = &7*(j 1 ...j fc )(A / „,'*; / ,£) - b M j 1 ...j k )(A*,%,£ t ) 

as before. We are ready now for the statement C„: 

(A'„r;,e:;A„r»^,)(«) — as m — +^ 

for dim L = n and for all J * ( Ji ■ ■ ■ Jk) with ( Ji ■ ■ ■ Jk) 7^ 0- 
Lemma 7.2. TTie statement C n holds for n > 2. 

Proof. We assume for fc < n and deduce C n . The simplex ( J\ ■ ■ ■ Jk) will 
be denoted by K as before. Its vertices are written as (Ji), . . . , (Jk) to distinguish 
from the simplices J\ , . . . , Jk in E. In case dim < n — 2 the dimension of J * K is 
less than n — 1. Hence we can apply the inductive assumption for p : S'(J * K) — > 
£(J*iT) where E'(J* X) = {J^ g S' t | p(J^) cJ*f} and ^(J*K) = {J, | J, C 
J * if}. It follows that 

W(At,^ / ,^;A„%,^)=0. 
Suppose next that dim Jk = n — 2, i.e. g X^" -1 ). Put 

fl5. x = {h g iw I - o}. 

It is a subgroup of Hj*k- Similarly we put 

h j'*k = {he Hji* k I fh,(j k ) = 0}. 

Write 

bj* K {K , ^ , £ ; A. ,£,)(«) = &o + &i > 
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J';p(J')=J heH° UK j'€J' ■ I.- 



(_-,\n-\J*K\ TT (cW^W^f TT (C d -W'" J * > ) /h ' (J j ) 1 1 
je./ i<fc / 



and 



».-( £ E (-ir-"- n ^£&f n K '^"v'' 

\j' ;p(J<)=J h£H°, j'£J' i<k 

V / i \n—\J*K\ TT [C%^!£!l^ TT (C, d -h q ^-h>)^^0 \ ( C d J fc ,<"-"J fc >)^.(J fc ) 
2^ V ^ 11 1-C^g<"'»i> 11 l_ C d ./ ig <"."./,> I i_ C d ./ fcg <"."./ fc > ■ 

The subgroup Hj, tK coincides with H JltfK a where K° = ( Ji • • • Jk-i)- It fol- 
lows that the term inside the parenthesis in the expression for 6 is nothing but 
bjjtjc ^'*^!-)^'*} A*,%,£*) and is equal to zero by induction assumption. Thus 

In order to estimate b\ we first remark the following 

Lemma 7.3. The orders of Hj*k = Hj*k,~v, for J € £ and Hj'*k = Hj<*K,f* 
for J' G E' are bounded by Cm n for some constant C depending only on A, W and 
Wo- 

Proof of Lemma. If J * K is contained in J\ * K\ then \H,j^k\ < So 
we may assume J * K e El n) . Then fr J<tJf = L/ij *K,f* ■ If we choose a basis of 
L we can express \Hj*k | as the determinant of a matrix A of degree n. Note that 
v Ji = u o + m (vi — Vq) where Vi — C(i) D W. It follows that components of A are 
linear functions of m with coefficients depending only on A, W and vq. Hence there 
exists a constant C such that \Hj*k\ < Cm™. Similarly \Hj^k\ < Cm™ for some 
constant C. This proves Lemma 17731 



Lemma 7.4. Lef be a polynomial in x. The function ff^f^s *n reaZ variable 
x tends to as x tends to ±00 provided < / < 1, where d G Q. It is bounded for 
f = and 5(2;) = constant. 

In fact, recall that t = a + by/—l with 6 > 0. Then 

<?(x)g /:E _ 5 (x)ai(V)e- 27rb/;r 



1-CV 1 - C d a2(x)e~ 27rb2; 

with |aj(x)| = 1, i = 1,2. If < / < 1 then the right-hand side tends to as 1 
tends to ±00. If / = and g(x) = constant it is bounded. This finishes the proof 
of Lemma 17.41 

In view of Lemma [73] and Lemma 17.41 the absolute value of the term inside the 
parenthesis in the expression for b\ is bounded by Cm™ with some constant C. 
Hence 

h < C"m n P q — J — |. 
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(u, vj k ) is a linear function of m and its absolute value tends to oo when m tends 
to oo. Then 61 and hence &j*k(A*, fj, A*, %, £*)(u) tend to by Lemma EH 
This finishes the proof of Lemma 17.21 □ 

We now prove that C n implies B n assuming Bk for k < n. For that purpose 
we introduce the following multi-fan A* = (£*,(?*, w ) . E* is the union of £^ and 
£* glued along SE* = SE' t , and C t \T,'„ = C 1 * and C^E* = C*. 

We define the function for E + as follows: 

" W = 1, J.GEi"). 




for J* G (£'J (n) , 
for J* G El n) . 

The triple (£*, (7*, W^) defines a simplicial multi-fan A*. 

It can be proved in a similar way to (j4"2"|) that A* is complete and the following 
equalities hold. 

-1, J* G K \<9£*, 

(44) <l,.u-((A, ).,) = { -1, J* G >:.\0>]., 

0, g as,. 

% on E* and ~fl on E* define % on £*. Also on E* and ^ on £* define 
on E*. Put u = w 7 (£) = diu{ as before. We claim that 

|* =wGiff(A*,%)®Q. 

In fact (u 1 (£), Uj) = c£j by definition of and (u 7 (£), Uj') = dj/ by (|4"0")) . Similarly 
(w 7 (£), u,/) = dj by (|43|) . These equalities imply = w 7 (£). 
We apply Theorem 14.21 and get 

(45) £ st (A*,(7*,£*) = 0. 
On the other hand by using (|4ip and (|44|) we have 

fist (A* ,%,|*) 

= 6 / (A',r',e';A,r,0+ X! W(A;,r/,^;A„r„^). 

j*xes»\s(") 

For X = the term ft^A^, £; A*, %, &) = bj(A' , Y' , ?; A, Y, f) = 
by induction assumption. In case K ^ %, 6j*j<-(A^, "3^', A*, %, tends 
to when m tends to 00 by Lemma 17.21 From this and (I45|) it follows that 
bi(A', y , A, "Jf, ^) must be equal to zero. Together with inductive assumption 
this proves that B n holds. 

Thus Theorem 17. II is proved. 

The rest of this section is devoted to the proof of Theorem 16.31 We shall first 
show that A' is complete and the following equality holds for every J' G E': 

(46) deg(A' J ,)=deg(A p(J , ) ). 
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We use the notation V = L-r and Vk = (Lk)r where (Lk)r is as in Section 2. 
Similar notations are used for K' G Let v be a generic vector in V/Vk and put 

S V {K) = {I e^ k) \ v^C K {I)} 

where = {J G SW | if C 1} and C K {I) is the image of C{I) in VyVfir. 

Recall that deg(A^) is defined to be equal to 

E 

Completeness of A implies that this is independent of generic vector v. We take a 
generic vector v in V and denote its image in V/Vk also by v. In this sense v may 
be considered as a vector in V/Vj' and in V ' jV p (j') at the same time. Suppose that 
J' lies in E'C) and p(J') in £«. 
We shall show 

E w ( J ')= E 

reSv(j') ieS v (p(J>)) 
Since the right-hand side is independent of v (being equal to deg(A p (j/))) this would 
imply that A' is complete and the equality ([^5]) holds. Since w(I') — w(p(I')) it is 
enough to show that there is a bijection S V (J') — > S v (p(J')). 

The projection p : V/Vj' — * V/V p im maps every cone Cj,(I') for I' G E'j," -1 ^ 
to a cone contained in C p (j/) (p(I')). In particular p defines a map S V (J') — > 

S v (p{J')). Take a simplex 7 G S v (p(J')), and put £'(/) = {/' G E'j,™"^ | = 
/}. Then the cones {C'(I')} with 7' G are contained in the image of C(J) in 

V/Vj, and together with their faces, they form a fan in V/Vji. Since C(I) contains 
v regarded as a point in V /V p (jr^ there is exactly one simplex I' G £'(/) such that 
C'(I') contains v regarded as a point in V/Vji, that is, there is one and only one 
simplex I' G S V (J'). This shows that the map S V (J') — > S v (p(J')) is a bijection 
and proves 

Using (jlr?)) and Theorem 17. II we have 

0rt(A',r,?)= E deg(A: 7 ,)MA',r',0 
./'es' 

= E E deg(A: 7 ,)MA',r',0 
,/es P (j')=j 

= Edeg(A J )6 J (A,r,0 

This finishes the proof of Theorem 16.31 

Remark 7.5. Let A be a fan such that every J G £ is contained in some 
I G S (n) . As was pointed out in Proposition 15 . 61 the equality 

^(A,r,o = E ^"'^ E de s( J )M A ' r '£)(") 

uel* jet, 

holds for v G U/gs("> ^(-0- If P : A' A is a map satisfying a), b), then A' is a 
fan and <p^ t (A', V' , £') has a meaning for v G Ujpe(«) C(-0- Theorem 17.11 implies 

^ t (A',r',o = ^(A,r,£) 
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and 

if fi st {A',i / ',t;') and <p st {A,y,£) are denned as in Remark l5Jl 

8. Invariance of orbifold elliptic class under push-forward 

Let p : A' — > A be a map satisfying a), b). We shall define a functorial map 

p* : S~ 1 H^(A', r')®<^-> S~ l H^{A, V) <g> Q. 

The following equality will hold if every simplex J G £ is contained in some J G 
E<», cf. Theorem |H71 

P .{£ s t(A',r,0) - At(A,r,o for e' = 

In order to define /9*(x) for x G H^,(A,y) ® Q it is sufficient to determine 
p,(x)j = tj(p*(a;)) G S , - 1 S , *(L J>r ) <g> Q = S^H^BT) $ Q for each J € 
satisfying 

(47) 4inJ 8 (P*(*)ii) = 4?nJ a (P*(^)i a ) for an y 7 i> 7 2 € E<»> with hCM 2 ^% 
in view of (jTTJ) . Note that the localized ring S~ 1 S*(L) (g> Q is nothing but the 
algebra of rational functions on Lq. Put uj = Yliei u \- We then define 



p*{x)i = \Hj\ui 



t/ ,(x) 



if// Up 

In order to show that the p*(x)i in fact satisfy (|47|) , we introduce logarithmic 
forms Q 1 and w J on V = Lr for each / G E^ 1 - 1 . Give an orientation to / and let 

/ = {ii, . . . , i n } be the ordering of / concordant to the orientation. Put = -^r^ 

and 



^ A • • • A w\ A • • • A w\ 

where " means to delete the underlying symbol. 

Lemma 8.1. Give the concordant orientation with I to I' such that p(I') = I. 
Then 

(48) ^(x)^ 1 ' =p*(x)iSl I ) 
z'eS'(»),p(/')=i 

and 

(49) t*i>(xW ^p^x)^ 1 . 
/'eE'(»i,p(i')=i 

Proof. For simplicity we put / = {1, 2, . . . , n} with orientation determined by 
this ordering. The ordering (vi, v 2 , ■ ■ ■ ,v n ) gives an orientation to the vector space 
V = Lr. Take an ordered integral basis of the lattice L which is concordant with 
the orientation of V = and let u\, . . . , u n be the corresponding coordinates. Put 
= du± A • • • A du n . Then 

du[ A • • • A du ! n = | | du\ A • • • A du n = —8. 

\ H i\ \ H i\ 
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Hence 
Similarly 



\Hp\u p - 
Then 

p(j')=/ p(/')=-r 1 1 11 

Put 9 = 'J2™ =1 (—l) l ~ 1 u i dui A ■ • • A dui A • • • A du„. Then we also have 

i = o 
^ \Hi\ui' 

From this f|49[) follows in an entirely similar way. □ 

Fix I G EW and i G I and put J = I\{i} G E^ 1 ). Let £(J) be the simplicial 
set consisiting of all faces of J and let £'(J) = {J' G £' | p(J') C J}. Fans A (J) 
and A' (J) are induced from A and A' by restriction on £( J) and E'( J) respectively. 
Put also 

X 7 = { Wj | j G £(J)«} and rj = | / G £'(J) (1) }- 
Then p induces p\J : (£'(J), rj) -► (E(J), t}) satisfying a),b). 
Lemma 8.2. 

((p\J%(x\J))j = (p4x) I )\J. 

In other words 

(50) J2 L*j>{x\j)n jl = { p 4x)i)\j • n J . 

J'es'(j)^- 1 ) 

as logarithmic forms in the hyperplane (£j)h containing C(J). Here x\J stands 
for the image of x by the map iJ^(A','^ / ') — > H^,(A'(J),'fj) sending xy to Xji for 
f G E'(J)( X ) and to /or z' £ E'^J)^). ylfeo tt| J = t 7 /(u) for u G S^S*^^). 

PROOF. In general let Vi,...,V n be the hyperplanes spanned by (n — 1)- 
dimensional faces of a strongly convex n-dimensional simplicial cone C in an n- 
dimensional vector space V. Let Wi = be the logarithmic 1-form corresponding 
to Vi. Here Ui is a linear form vanishing on Vj. Note that Wi depends only on Vi 
but not on particular m. Put 

n 

u>{ = (— l) l_1 wi A • • • A Wi A • • • A w n and u> = u>j . 

i=l 

SuBLEMMA 8.3. Let Vq be a hyperplane defined by J^. aiUi = 0. // Vq is different 
from Vi, 1 < i < n, then lu\Vq = 0. 

Since none of the Vi coincides with Vq there are at least two non-zero cij. We 
may suppose that a n ^ 0. Then u n — — = * "'"* on Vb and 

Wi |T/ = (— 1) wi A • • • Awl A • • • A w n -i A y ^ l=1 ' 



_ , ]\n+l a idui A ■ ■ ■ A du n - 



On^n 
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for i 7^ n. The last equality automatically holds for i = n. Therefore 

n 

w|Vo = y^^ivb 

i n 

= — V j^^du, A ■ ■ • A d Mn _! 

1 " 

= — = (y^ a,iUi)dui A ■ • • Adtt n _i = 

Thus Sublcmma 18.31 holds. 

We continue with the proof of Lemma 18.21 We may suppose without loss of 
generality that / = {1, . . . ,n} and i — n and J = I \ {n}. Put Vo = (£j)k and 

lo\ = (— l)' t ~ 1 w{ A • • • Awf A • • • A w 7 . We also use similar notations for 
Note that 

(51) P*(xW n \V = (-l) n - 1 (p m (x) I )\J-Sl J , 

since w 7 |Vb = (— l)" -1 !) 17 . We next consider the contribution from the left hand 
side of (|49f to the term p le {x)iuj 1 n in p^,{x)iuj I = Yli P*{ x )i u i ■ Sublemma 18.31 
implies that it suffices to consider only such /' that p(I') = I and that some facet 
cone C'(J') of C'(I') is contained in C(J) C Vq. The set of such I' will be denoted 
by £'(/, J)H Let J' = I' \ {n'{I')}. In this case wf,' for i' ^ ?i'(T) containes 
it; 7 = ^p- when expressed in terms of tuf. Hence the contribution to p^{x)iUJ I n 
comes only from ^/(x)^,^,^. It follows that 

P*(x)lU^\V = L I'( X Wn'(I')\ V = t-* r (x\J) ■ U}^ (I , } \Vo. 

/'es'(/,j)<-) j'es^jjf"- 1 ) 

Combining this with ([51]) and noting that w 7 ,,j,JVo = (— 1)" -I f2 -7 we obtain ([5H)l . 
This finishes the proof of Lemma 18.21 □ 

Lemma [8.21 shows that that (p*(x)i)\J depends only on J. (|T7|) follows from 
this when I\ n /2 nas codimension 1. The general case is proved by induction on 
codimensions using Lemma 18.21 Thus p*{x) is well-defined. Once this is established 
one can rewrite Lemma 18.11 in the following 

Proposition 8.4. 

/'eS'("),p(/')=/ 

and 

Y L* r (xW = ^(p^x))^ 1 . 
j'es'C"), P (z')=i 

Proposition 8.5. maps H^(A', f ) ® Q into H£(A, f) ® Q. 

PROOF. Take x € H^,(A', Y') <g> Q. It is enough to show that L*j(p* (x)) belongs 
to S* (£)<£> M for any / S £( n; . Note that SI 7 has simple poles only along Vj = {Lj)® 
for J £ with J C I. In view of Proposition 18.41 it suffices to show that 

il' = J^/'es'C") p(i')=i L *i'( x )^ 1 has at most simple poles along the same loci {Vj} 
as il 7 . 
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Poles of f2' appear along hyperplanes (Lj')m where J' runs over (S') (ll_1) with 
p(J') C /. If J' is such that p(J') = I, then there are exactly two I[, I' 2 G S'^ n) that 
have J' as common face. If J' — . . . ,j' n -i}, I[ = J' U {i[} and I' 2 = J' U {12}, 
then cjj' = — , where uq is a linear form vanishing on (Lj')r. Since Jj and 
I' 2 induce opposite orientations on J', 

i\ (x)(nfi + 4, (x)(n)^ = ±** A U\ (x)w 1 } A • ■ • A u$ - (x)wf A • • • A wf ). 

The restriction of the form u' in the parenthesis to the hyperplane (Lj')r vanishes. 
Hence i* v (x)(Sl) 7 i + tp (x)(£iy* = ±^ Aw' has no pole along (Lj')r. This implies 
that fl' has no pole along (Lj/)m for J' such that p(</') = /. 

For J' S such that p(J') is a facet J of /, O' has at most simple pole 

along (Ljr)fi — (Lj)r = Vj. We have proved that f2' has at most simple poles along 
the same loci as fi 7 . Hence p*(x)j has no pole and in fact it is a polynomial. □ 

Functorial properties of p* are expressed in the following 

PROPOSITION 8.6. p* : H^(A',y)>giQ — > i?£(A,y)(g>Q satisfies the following 
properties: 

(i) 

(p 2 o pi)* - (p 2 )* o (pO* /or px : (A", V") -> (A', and p 2 : (A', -> (A, r), 
(id)* = id for the identity map id : (A, Y) — > (A, ^). 

(ii) p*(l) = 1 /or 1 e H%,(A). 
(hi) p*(xp*(y)) = p*(^)y V V & H^(A, Y) (g) Q. 

(iv) p* is an H* (BT) <£> Q-module map. 

(v) Assume that p satisfies the condition c) in addition to a) and b). Then 
p* is compatible with the push-forward 7r* to a point, i.e., the following 
diagram commutes: 

H*(A',r')®Q — H*(A,r)®Q 

S^H^BT)®^ = S- 1 H* (BT) ® Q. 
PROOF. By Proposition 18.41 

t HMpu(*)))f2' = E ^(pi.(*))n r = E E ^(*)^" 

p 2 (/')=/ p 2 {I')=I p'{{I")=V 

E ^(^n 1 " = iK(p 2 op 1 )*( a; ))n z . 

(p 2 opi)(/")=-f 

Thus P2* o p lit = (p 2 o pi)*, (id*) = id clearly holds. 

Since ^(l) = 1, 4(p*(l))u/ = £ P (/o=X' = u 1 . Thus p*(l) = 1. 

In order to prove the equality p*(xp*(y)) = p*(x)y we may assume y — Xi S 
Hj,(A, Y) as is easily seen. Then 

^(p^^p^^)))^ 7 = E L i'(xp*(xi))ft l = E ^m^Mp*^))^ 7 
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But L* 1 ,(p*(x i )) = L*j(xi) by ([39]). Hence 

p(I')=I 

Thus p*{xp*{xi)) = p*(x)xi. 

Since p* (it) = it for u £ Lq we have 

p*(ux) = p*(xp*(u)) = p*{x)u. 

This shows that p* is an H^(BT) (g> Q-module map. 
Finally, admitting the condition c), 

«■.(*(*))= £ ."'W^W) 



□ 



The map p* : Hf,(A', f ) ® Q — > i?£(A, ^) ® Q extends in an obvious way to 
p* : (£^(A', r') ® C)[[g]] - (£T£(A, V) ® C) [[<?]]. 

Theorem 8.7. Let A be a simplicial multi-fan in a lattice L of dimension n. 
Assume that every simplex J € £ is contained in some J e £ (n) . Let p : A' -> A 
a map satisfying a) and b). Let Y — and "V' = {wj'li'es't 1 ) &e sets of 

edge vectors for A and A' respectively. Put £' = p* (£) . XTien i/ie following equality 
holds: 

P 4£ st (A',r,0) = lt(A,r,o. 

Proof. It is enough to show that 

(52) t j(p* & t (A', r, ?))) = i}(i st (A, r, 0) 

for any / £ Y,( n >. Let £(/) be the simplicial set consisting of faces of I and put 
£'(!) = {J' G £' | p(J') C /}. Cone structures of A and A' restricted on £(I) and 
£'(/) define fans A(J) and A' (I) respectively. We forget w and w' in A and A', 
and put w{I) = 1 and w'(I') = 1 for all V S £'(/) (ti) . With this understanding, 
p : £'(/) — > £(-0 satisfies the conditions a), b) and c). Then 

i}(i st (A, r, 0) = 4(&t(A(i), r| j, 
4(p,(i s4 (A,r',r)))-4(p*(^(A'(/),r'|/,e'|/)))- 

By definition 

7r,(4(A(/) ) r|/ ) C|/))=£ st (A(7) ) r|7^|/), 
and by Proposition 18. 61 

n^(i st (A'(L), r'\I, = 7r*(<4 t (A'(J), r'\I, - ^(A'(/), r'|J, CV)- 

On the other hand, by Theorem 16.31 and Remark 17.51 one has 

st (A'(i),r\i,?\i) = <p st (A(i),r\i,z\i). 

From this equality and Remark 13.51 one gets 

£ st (A'(I), r\I, ?\T) = ch(0 st (A'(I), r\i, 

= ch(<p st (A(I), y\I, C|7)) = e st (A(I), r\I, £| J). 
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It follows that 

nMi st (A\i),y'\i > e\i)))=M^ t (A(i),r\i,m- 

Since l}(x) = \Hi\unv*{x) on A(I) we get (|52|) . □ 

9. Generalization to Q-Cartier triples 

So far we dealt only with simplicial multi-fans. A (not necessarily simplicial) 
multi-fan in an n-dimensional lattice L is a triple A = (E, C, w ) where E is a 
partially ordered set with a unique minimum element *. We denote the partial 
ordering by -<. C is a map from E to the set of strongly convex rational cones in 
Lr satisfying the following three conditions: 

(i) C{*) = {0}; 

(ii) If K d J for K, J G E, then C(K) is a face of C{ J); 

(iii) For any J G E the map C restricted on {K G E | ^ J} is an isomor- 
phism of ordered sets onto the set of faces of C(J). 

For an integer k with < k < n we set 

£( fc ) = {K G £ | dim C(ir) = fc}. 

w 1 * 1 are maps E^ 1 - 1 — > Z>o- 

A multi-fan is said complete, as in the case of simplicial multi-fans, if it satisfies 
the condition stated in Definition in Section 2. For K G E^-* the projected multi- 
fan Ak and its degree are also defined in a similar way as in the case of simplicial 
multi-fans. 

By a triangulation of A we mean a simplicial multi-fan A' = {Tf ,C ,w ± ) in 
the same lattice L related to A in the following way: 

a) There is a bijection k : E^ -> E'W satisfying C(n{i)) = C'(n(i)) for 
each f G E'. 

b) For each simplex J' G E' there is an element J G E such that C'(J') C 
C(J). Moreover, for each J G E, the collection {C'(J') \ J' G E', C'(J') C 
C(J)} gives a subdivision of the cone C(J). We shall denote by p(J') 
the minimal element J G E such that C'(J') C C(J). 

c) For I' G E'(") 

«;' ± (J')=^ ± (p(/ / ))- 
In particular w'(I') = w(p(I'j). 

Returning to general multi-fans we shall assume that every J G E is contained 
in some / G E'™) hereafter. Let "V = be a set of non-zero vectors 

Vi Gin C(i). A set of rational numbers £ = {di} ie -£(i) is called Q-Cartier if there 
is an element u(I) G Lq for each / G E^™- 1 such that 

(u(I),Vi) = di for i £ I. 

The pair (A, ^) is called Q-Gorenstein if there is an element u(I) G for each 
I G EW such that 

(u(I),Vi) = 1 for i G /. 

When A is simplicial every £ is Q-Cartier and every pair (A, Y) is Q-Gorenstein. 

Take a triangulation A' = (E', C',w ± ) of A. Then the collection £ determines 
a Q-divisor £' = £\ d,-^ G i?|(A', f)®Qon A'. 
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Theorem 9.1. Let (A,Y,£) be as above. If £ is Q-Cartier, then the orbifold 
elliptic genus (p s t{A' , Y, £) does not depend on It depends only on (A,Y,t;). 

Corollary 9.2. Let (A, Y) be a (J-Gorenstein pair. Then the orbifold elliptic 
genus <p s t(A' ,Y) does not depend on £' giving an invariant of(A,Y). 

Proof. Take triangulations A' and A" of A. Fix I S and put £(7) = 
{ J e S | J C I}. Then A(7) = (£(7), C|£(7)) determines a fan. Note that we are 
neglecting the functions w ± defined on A (7) for the moment. We then define 

bj(A',y,e;A",r,e)~ £ MA',r,eo- E MA",r,e")- 

J',p(J')=J J",p(J")=J 
for J e £(7). We shall prove the following fact by induction on n. 

Bl l °P bj(A', Y, C; A", Y, £") = for dim L = n and for all J <= £(7). 

This will prove Theorem 19.11 in view of (f3"3"| as in the proof of Theorem 16.31 

The cases n = 1 and n = 2 is trivial since every cone is simplicial in these cases. 
Suppose n > 3. Let A' (I) and A" (I) be the triangulations of A(J) induced by 
A' and A" respectively. We construct fans A', = (£'*, C'J and A'/ = (£'*', C£') from 
A' (7) and A" (7) respectively in a similar way to the proof of Theorem 1 7. II Namely 

K = £' u {J' * (Ji • • • J k ) I p(J') c Ji c . . . c j fe c /} ) 

and 

El' = £" U {J" * (Jx • • • J k ) I p(J") c J x c . . . c Jfc C /}. 

We set 

as', = {( Ji ■ • • J k ) e £'J, dK = {(Jx ■ • • J fc ) e £'„'}. 

They are isomorphic to the so-called order complex of the poset £(7) \ £(7) n as 
simplicial complexes. They will be identified with each other in the sequel. We 
have 

(1) = y ( 9S 'J(1) where (9£'J« = {(J) | J g 7}, 

and 

= y where {dK) [l) ={(J)\J$ I}- 

Moreover C£((J)) = C£'((J)) for (J) £ (9S'J (1) = (<9£") (1) - Dcnne a vector 
uj G C£((J)) = C"((J)) as in the proof of Theorem O and set 

where and J ranges over £( fc \ < k < n. 

The construction of A'„ , A" and vj depends on an integer m. Similarly to the 
proof of Theorem 17. II it can be shown that these vectors vj satisfy the property: 

(53) The absolute value of (u,vj) tends to oo as m tends to oo for any ii£L*. 

Then the number dj is defined by 

dj = {u I (0,v J ), 

and the Q-divisor by 

C = E di ' Xi ' + E dj x J' 

where xj is the basis element in 77|,(A*, Yl) corresponding to (J) 6 (dT,^)^ . The 
Q-divisor £" is similarly defined. 
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We glue E^ and E" along the common boundary <9E'„ = <9E" to obtain a 
multi-fan A*. The functions w are defined in such a way that 

(T , fl, for J* e (Si) W, 
W(J * ) = (-1, for J, g Si"). 
The multi-fan A* is complete and the following equality holds. 

'+1, J* e K\9K, 
(">-h deg((A,)j.) = < -l, J* € E" \ OS", 

0, J* e 9Ei = AS?. 



The proof of these facts is similar to that of Theorem 17.11 

The Q-divisors £ on E'* and on S'J define a Q-divisor ^ on E*. Put 
w = = J2iei diuf as before. Then 

= u€iZf(A*,%)<g>Q. 

We apply Theorem 14.21 and get 

(55) £ st (A*,%,£*) = 0. 

On the other hand by (f54|) we have 

<^ st (A„ r„ e.) = 6(A', r, e-, a", O + b 2 , 

where 



£ £ w(a;,^,^)- £ 6^(A';,r t ,e:')l- 

Je^(i),J^i\j'*K, P (j')=j j"*k, p {J")=j I 

The term in the parenthesis for X = is equal to by inductive assumption. For 
K 7^ the term tends to when m tends to oo for any u £ L* , as follows from 
a similar argument to the proof of Theorem 17. II using ([55| . From this and (|55|) it 
follows that 6/(A', A", £") must be equal to zero. Together with inductive 
assumption this proves that 

b J (A',y,z';A",y,e) = o 

for all J G S(J). Thus £^ op holds and Theorem ED is proved. □ 
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